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ABSTRACT: The static scattering properties and phase behavior of mixtures of homopolymers and diblock
copolymers are considered. The effects of architecture on these properties are investigated. In particular,
the results obtained for mixtures with cyclic homopolymers and copolymers are compared with those
obtained in the case of mixtures of linear chains. Depending on the concentration of copolymer, one may
observe an interplay between macrophase and microphase separation transitions. This interplay is
investigated for cyclic and linear chain systems. Mixtures made of cyclic copolymers show enhancement
of compatibility towards phase separation. Phase diagrams are plotted to show the compatibilization.
Effects of topological constraints on chain architecture and interactions are ignored for cyclic chain systems.

Introduction

A few years ago, Hashimoto and co-workers1,2 re-
ported a study of the scattering properties and phase
behavior of mixtures of homopolymers and diblock
copolymers at several compositions. They observed that
in the case of the pure diblock copolymer A-B, mi-
crophase separation takes place if the interaction pa-
rameter ø reaches a critical value øs. This transition is
followed by a microstructure emerging within the
system which has a characteristic size λ* ) 2π/q*. This
size is the wavelength of the mode of maximum com-
position fluctuations, and q* is the wavevector at which
the scattered intensity shows a peak in the homoge-
neous one-phase region. Adding parent homopolymers
A and/or B, one observes a modification in the scattering
behavior and melting of the microphase structure. This
behavior is the result of a substantial increase in the
wavelength λ* which eventually tends to infinity when
q* tends to zero.
On the other hand, in the case of a blend of A and B

homopolymers at the temperature of macrophase sepa-
ration Ts, the blend phase separates via a spinodal
decomposition mechanism. Adding a certain amount of
copolymer induces enhancement of compatibility and
homogenization of the mixture. This can be observed
in scattering experiments through reduction of the
forward scattered intensity as the concentration of
copolymers is increased. Such a behavior was observed
by others and is well documented in the literature.3-5

However, studies along these lines were usually made
with linear polymers and relatively few investigations
have been reported in the case of polymers with other
architectures. In particular, little is known on the
thermodynamic behavior and scattering properties of
cyclic homopolymers and copolymers.
The purpose of the present paper is to report a

theoretical study of such properties for mixtures of cyclic
homopolymers and copolymers and compare the results
with those obtained in the case of mixtures made of
linear chains.

Scattered Intensity and Spinodal Equation
The scattered intensity I(q) for a system made of a

blend A/B and a block copolymer A-B can be easily
obtained within the framework of the random phase
approximation (RPA).3-6 If one considers that A and B
monomers have an interaction parameter ø and a
contrast factor (a - b)2 , one obtains

where q is the amplitude of the scattering wavevector
which is related to the wavelength of incident radiation
λ and the scattering angle θ through q ) (4π/λ) sin(θ/
2). The definitions of S(q) and W(q) depend upon the
system under consideration. In view of the fact that
the mixtures of interest in this work involve only two
monomer species, it is convenient to think of a two by
two matrix whose elements are the partial structure
factors Saa(q), Sbb(q), and Sab(q) ) Sba(q). Regardless
of whether the chains are cyclic or linear, S(q) repre-
sents the sum of the four partial structure factors:

whereas W(q) represents the determinant:

These quantities will be defined more precisely shortly
after in this paper. Prior to detailed discussions of the
predictions of eq 1, it is worthwhile to note that this is
a well-known result which was derived for the first time
by Leibler3 using the random phase approximation
(RPA) in the case of a diblock copolymer A-B. Later,
it was generalized to copolymers in solution,6 mixtures
of homopolymers and copolymers,1,2,5,7 rigid copolymers,8
etc. Within the RPA, one can show that eq 1 remains
valid for mixtures of flexible chains regardless of their
architecture.5,9,10 Here we shall make use of this
observation and assume that the same equation can also
be applied to mixtures of cyclic chains. We are inter-
ested in homopolymers A and B and copolymers A-B
with the topological constraints that both ends of each
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(a - b)2

I(q)
)
S(q)
W(q)

- 2ø (1)

S(q) ) Saa(q) + Sbb(q) + 2Sab(q) (2)

W(q) ) Saa(q)Sbb(q) - Sab
2(q) (3)
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chain are linked and there are no knots, no concatenated
rings, no dangling ends and no free linear chains.
Normally, the interaction parameter ø between A and
B monomers should also include the effects of these
topological constraints. To our knowledge, these effects
are not known although some attempts have been made
to understand the cases of cyclic homopolymers11,12 and
branched polymers.13 These effects are under current
investigation in our laboratory and will be the subject
of a future communication. In the present paper, we
shall assume that all the topological constraints and
architectural properties are embedded into the form
factors entering in the definitions of S(q) and W(q) in
eq 1.
Here we are interested in mixtures of homopolymers

A and B and block copolymers AB. In this case, the
above partial structure factors have contributions from
both the homopolymers and the copolymer in the
mixture:

The subscipts a and b refer to the monomers A and B,
whereas the subscripts h and c refer to the homopolymer
and the copolymer, respectively. For example æah is the
volume fraction of monomers A belonging to the ho-
mopolymer, Nah is the degree of polymerization of
homopolymer A, and Pah(q) is its form factor. The same
definitions hold for the other quantities changing a to
b (monomer B) and h to c (copolymer). Note that Pabc-
(q) is the contribution to the form factor of the copolymer
due to interferences between A and B monomers be-
longing to the same copolymer (see eqs 5 and 11 below).
These formulas apply to both linear and cyclic polymers.
The difference between these two architectures is found
in the expressions for the form factors Pij(q). Ignoring
the effects of excluded volume interactions and assum-
ing Gaussian statistics, one can use the Debye function
for the form factor of linear chains while for Pabc(q), one
can use

with

a is a statistical length assumed to be the same for both
A and B monomers and f ) Nac/Nc is the composition in
A monomers of the copolymer.
For cyclic homopolymers, the form factors are given

by the Casassa function:14

with

For a cyclic diblock copolymer, we have10,15

with

and

The form factors for cyclic homopolymers and copoly-
mers are known and more detailed derivations are given
elsewhere.5,8,10,14-17 However, one should note that they
are meaningful only under the condition that the
Gaussian approximation is valid. Indeed, the starting
assumption which is always used in the derivation of
these results is to write the average square distance
between two points on a cyclic chain separated by n
monomers 〈rn2〉 in the following form:

where N is the number of monomers of the chain under
consideration. This Gaussian approximation leads to
the same scaling behavior of the radius of gyration Rg
with N as for linear chains, namely

The difference between the radii of gyration of the
cyclic chain and its linear counterpart lies only in the
prefactor. This description ignores the effects of topo-
logical constraints imposed upon rings, as mentioned
earlier. It is known, however, that in melts of cyclic
chains, topological interactions lead to more compact
conformations than predicted by the Gaussian ap-
proximation. This immediately leads to a change in the
scaling behavior of the radius of gyration which is then
intermediate between the collapse state where the
exponent ν in eq 15 is 0.33 and the Gaussian limit where
ν ) 0.5. Crude models of the Flory type18 and computer
simulations19 indicate that ν for melts of cyclic ho-
mopolymers should be 0.4. Such refinements of the
statistical description of conformation of cyclic chains
due to topological interactions are not taken into account
in the present investigation. On the other hand,
although the RPA is a mean field approximation and
fails to describe the physical behavior of systems in the
presence of strong fluctuations, one can still use it to

Saa(q) ) æahNahPah(q) + æacNacPac(q) (4a)

Sbb(q) ) æbhNbhPbh(q) + æbcNbcPbc(q) (4b)

Sab(q) ) xæacæbcNacNbcPabc(q) (4c)

Pabc(q) )
(1 - e-uac)(1 - e-ubc)

uacubc
(5)

uac ) fuc (6a)

ubc ) (1 - f)uc (6b)

uc ) q2
Nca

2

6
(6c)

Nc ) Nac + Nbc (6d)

Pih(q) ) 2

xuih
e-uih/4∫0xuih/2et

2
dt (7)

uih ) q2
Niha

2

6
(8)

Pac(q) )
f - 1

2
f 2

C(uc,(12 - f)xuc) + 1 - f
f

H[uc f(1 - f)]

(9)

Pbc(q) )

1
2

- f

(1 - f)2
C(uc,(f - 1

2)xuc) + f
1 - f

H[uc f(1 - f)]

(10)

Pabc )
C(uc,0) - f 2Pac(q) - (1 - f)2Pbc(q)

2f(1 - f)
(11)

H(x) ) 1 - e-x

x
(12)

C(x,ν) ) 2
xx

e-x/4 ∫νxx/2et
2
dt (13)

〈rn
2〉 ) a2n(1 - n

N) (14)

Rg ∼ N0.5 (15)
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make certain predictions. In particular, the spinodal
equation is obtained by letting the inverse scattered
intensity be zero at q ) q*. This equation defines the
interaction parameter at the spinodal line øs, which is
given by

The wavelength of the mode which drives the system
to criticality is given by λ* ) 2π/q*, where q* is obtained
by equating the derivative of (a - b)2/I(q) with respect
to q to zero. Depending upon the concentration of
copolymer æc, one finds that q* is different from zero in
the case of a microphase separation transition and equal
to zero if æc is small and one deals with a macrophase
separation transition (see Figure 3 below).

Results and Discussion
Figure 1 represents the variations ofNc(S(q)/W(q)) as

a function of qRgc for mixtures of homopolymers A and
B and copolymers A-B at six different volume fractions
of the copolymer æc. The continuous curves a-f repre-
sent the case of cyclic chains, whereas the dashed curves
a′-f′ are the corresponding results for linear polymers
in similar conditions. The introduction of the normal-
ization constant factors Nc in the y-axis and Rgc in the

x-axis is for convenience only and has no physical
meaning. The numerical parameters of the mixtures
are the same as those of Hashimoto and co-workers1,2
and therefore the dashed curves are identical to those
reported in refs 1 and 2. The representation in Figure
1 is convenient because it reflects results which can be
viewed in various ways and hence could lead to a better
insight into their physical meaning. For example, these
curves represent the inverse scattering intensity in the
ideal limit where the interaction between monomers A
and B is zero. This could be the case in neutron
scattering experiments where A is an ordinary monomer
and B is a deuterated monomer of the same chemical
nature as A, assuming that the ø-parameter between
these monomers is zero. An example of such experi-
ments was reported by Maschke et al.7 on mixtures of
triblock copolymers made of deuterated and hydroge-
nated poly(dimethylsiloxane) (PDMS) blocks and deu-
terated PDMS homopolymers. One can also analyze the
results of Figure 1 in the following way. Consider for
example curve a obtained for the pure cyclic copolymer
A-B when the volume fraction æc is 1. The dashed
horizontal line passes through the minimum of this
curve and hence defines the critical parameter at which
the microphase separation transition (MST) takes place
øs ≈ 18/Nc. This parameter corresponds to a tempera-
ture Ts at which the system undergoes strong composi-
tion fluctuations. The critical mode which is most
responsible for driving the system out of its stability
limit is the one with wavelength λ* ) 2π/q*. At all
temperatures corresponding to the domain ø < øs, the
system is stable and shows a one-phase state. The
interesting observation with respect to the present
investigation is to realize that in the case of the linear
copolymer (dashed curve a′), the MST takes place at a
much lower interaction parameter ø′s ≈ 10/Nc. The
dashed horizontal line shows that all the modes with
wavelengths lying between λ1 ) 2π/q1 and λ2 ) 2π/q2
are unstable at the temperature corresponding to ø )
18/Nc and contribute to the microphase separation of
the linear copolymer. The latter system shows ordered
structures with characteristic lengths from short scales
comparable to λ2 to long distances comparable to λ1. The
stability toward MST is substantially enhanced by the
simple fact of the existance of a chemical bond between
the two ends of the copolymer.
Considering curves b-f and b′-f′, one observes that

as the volume fraction of copolymer decreases, the gap
between the scattering curves of cyclic and linear chain
systems is substantially reduced in the lower q range
(q < q*), where the effects of the copolymer are largest.
In the upper q range, however (q > q*), the presence of
homopolymer is overwhelming and the gap widens as
æc increases. For example, one observes that the second
mixture investigated (curves b and b′ corresponding to
æc ) 0.8 and æah + æbh ) 0.2) is deep inside the unstable
regime at øs ≈ 18/Nc. Indeed, the critical parameter for
MST of cyclic chains is øs ≈ 13/Nc (curve b) and of linear
chains is ø′s ≈ 9.3/Nc (curve b′), which is only slightly
lower than the corresponding value for a pure linear
diblock (ø′s ≈ 10.5/Nc, as shown by curve a′).
With regard to the nature of the phase transitions,

one can see that the pure copolymer cannot undergo
macrophase transition at any temperature, a result
which is expected since the A and B blocks are linked
together. However, with even a trace amount of ho-
mopolymer A and/or B, the mixture can also show a
macrophase transition which would be observed at q )

Figure 1. Variation of Nc(S(q)/W(q)) as a function of qRgc for
a mixture of homopolymers A and B and diblock copolymers
A-B for several values of æc: (a and a′) æc ) 1.0; (b and b′) æc
) 0.8; (c and c′) æc ) 0.6; (d and d′) æc ) 0.4; (e and e′) æc )
0.2; (f and f′) æc ) 0. The continuous lines represent the
mixtures with cyclic chains, whereas the dashed lines cor-
respond to those with linear chains only. In plotting these
curves (see eq 1), we have used N ) Nah ) Nbh ) Nc/2 and
Rgah

2 ) Rgbh
2 ) Rgc

2/2.

2øs )
S(q)q*)
W(q)q*)

(16)
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0 if the temperature is sufficiently high. Consider for
example the system with æc ) 0.8, if the temperature
is lowered in such a way that the interaction parameter
reaches 20/Nc, then the microphase separation (reached
for the cyclic chains at ≈13/Nc) would be followed by a
macrophase transition. As the volume fraction of ho-
mopolymers increases, the critical parameter for the
macrophase transition decreases faster than the critical
parameter for the MST. They may become equal as for
æc ) 0.6 and ultimately the MST disappears if the
volume fraction of copolymer is low enough as for æc e
0.2.
Some of these features are illustrated in the phase

diagram of Figure 2 where the critical interaction
parameters for macrophase and microphase transitions
are shown as a function of æ, the relative composition
of homopolymer A in the blend A/B, i.e. æ ) æha/(æha +
æhb) for different concentrations of the copolymer æc.
Following the same conventions as in Figure 1, the
continuous lines represent the results for the cyclic
polymers whereas the dashed lines correspond to the
case of linear chains. Curves a-c are calculated using
æc ) 0.8, 0.4, and 0.2, respectively. The two upper
curves a and a′ show a wide miscibility gap between
cyclic and linear chains. The copolymer in the mixture
dominates the phase behavior, and the transition lines
plotted here are the generalized spinodals for mi-
crophase separation transition. The intermediate curves
b and b′ correspond to æc ) 0.4. They show a relatively
small difference between cyclic and linear chain sys-

tems. For symmetrical blends where æ ) 0.5, there is
practically no difference between the critical parameters
whether one deals with cyclic or linear polymers. The
lower curve is the superposition of curves c and c′ for
linear and cyclic systems with æc ) 0.2. In this case,
one has only a macrophase separation transition in
which cyclic and linear copolymer systems show the
same thermodynamic behavior. This is a direct conse-
quence of the fact that the interaction parameter ø(T)
is assumed to be the same for both open and cyclic chain
architecture11,12 and that all form factors are normalized
to 1 at q ) 0. To monitor the evolution frommicrophase
to macrophase transitions with the concentration of
copolymer, one can look at the variation of q* where the
scattering curves of Figure 1 admit a minimum as a
function of æc. This representation is shown in Figure
3 and reveals that the MST appears at a much lower
concentration of copolymer in the case of cyclic chains.
When this concentration is smaller than 0.3, only a
macrophase transition can take place in both systems,
indicating that the phase behavior is controlled by the
blend of homopolymers. When æc exceeds 0.3, the
macrophase transforms into a microphase transition
and it is the copolymer component which has the
strongest effect on the phase behavior of the mixture
with linear chain systems. As æc increases, the char-
acteristic q* increases rapidly and tends to approxi-
mately 1.9/Rgc for a pure linear copolymer, as already
known.3,10,20 In the case of the mixture with cyclic
chains, the emergence of a microphase transition re-
quires a higher concentration of cyclic copolymers since
it appears only at æc ≈ 0.5 instead of 0.3 for linear

Figure 2. Variation of 2øsNc as a function of æ for a mixture
of homopolymers A and B and diblock copolymers A-B at
different values of æc: (a and a′) æc ) 0.8; (b and b′) æc ) 0.4;
(c and c′) æc ) 0.2. The continuous lines represent the cyclic
chains, whereas the dashed lines correspond to the linear
chains.

Figure 3. Variation of q*Rgc as a function of æc for a mixture
of homopolymers A and B and diblock copolymers A-B. Curve
a represents the case where all the chains are linear, whereas
curve b corresponds to the case where all chains are cyclic.
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copolymers. In the case of mixtures of cyclic homopoly-
mers and copolymers, the composition must exceed 50%
in order for the mixture to show a MST. When æc
increases above 50%, the characteristic size q* also
increases much more rapidly than in the case of linear
chains. When æc approaches 1, q* is of the order of 2.9/
Rgc, whereas for linear chains the maximum of q* is
approximately 1.9/Rgc.

Conclusions
The above observations show that there is a clear

distinction between the scattering properties and phase
behavior of mixtures of cyclic homopolymers and co-
polymers as compared to their linear counterparts. The
interplay between macrophase and microphase transi-
tions not only depends on the concentration of copoly-
mers but also depends strongly on their architecture.
The mixtures containing cyclic copolymers are charac-
terized by a compatibility much higher than that of their
linear counterparts. The fact that blends of cyclic
homopolymers show compatibility enhancement toward
macrophase separation has already been observed ex-
perimentally.21 To our knowledge, however, until now,
no experimental observation has been made on cyclic
block copolymers to assess the enhancement of compat-
ibility toward MST. The present study is an attempt
to present a simple formalism based on the RPA which
gives some indication of the scattering and phase
behavior of mixtures containing cyclic homopolymers
and copolymers. This formalism can also be used to
characterize systems with different architectures. Fur-
thermore, other properties such as those accessible by
static neutron scattering or X-rays at high q’s and
quasielastic scattering22 or neutron spin echo techniques
can also be examined within the same framework. In
particular, the dynamic properties are the subject of
another communication.23
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